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Abstract

We compare cardinal-preference and ordinal-preference mechanisms for assignment problems such
as school choice, with a focus on a variant of the pseudomarket mechanism of Hylland and Zeck-
hauser (1979) as well as an envy-free mechanism related to Nguyen, Peivandi and Vohra (2015).
We introduce and theoretically analyze a variant of the pseudomarket mechanism that has an equi-
librium selection rule. We also introduce a computer algorithm to compute the implied stochastic
assignment. The envy free mechanism is a linear program and hence simpler to compute. We
estimate cardinal preferences over schools using data on student submissions of rank ordered lists
of schools in Seattle. Using these estimated preferences, we measure the welfare gains from using
the pseudomarket and envy-free mechanisms instead of the ordinally-efficient probabilistic serial
mechanism. We find that the psuedomarket captures 19% of the possible gains over the ordinal
mechanism using a utilitarian benchmark. The envy-free mechanism captures 58% of the possible

gains over the ordinal mechanism.

1 Introduction

The allocation of indivisible objects without monetary transfers is common in daily life. Examples
include student placement in public schools (where an object corresponds to a school seat and each
object has multiple copies) and the allocation of work or living space (where each object has exactly
one copy). Due to the lack of monetary transfers, objects in these environments are often allocated
by a centralized mechanism that maps agents’ reported preferences to an allocation outcome. The

outcome, known as an assignment, can be either deterministic or random. A deterministic assignment



dictates who gets what object. A stochastic assignment prescribes the probability shares of objects
that each agent obtains and thus is a lottery over a set of deterministic assignments.

The standard allocation mechanisms used in practice and studied in the literature are ordinal:
agents are asked to rank schools or offices; the profile of submitted rankings determines the assignment.
This applies to many celebrated mechanisms, such as deferred acceptance, random serial dictatorship,
and top trading cycles. However, Miralles (2008) and Abdulkadiroglu et al. (2011) point out that one
can implement Pareto dominant assignments by eliciting agents’ cardinal utilities. Cardinal utilities
give relative intensities of preferences over objects and rates of substitution among probability shares
in objects (e.g., Debreu, 1959). Furthermore, Liu and Pycia (2012) and Pycia (2014) show that
sensible ordinal mechanisms are asymptotically equivalent in large markets, while mechanisms eliciting
cardinal utilities maintain their efficiency advantages. The data on Boston and NYC school choice
corroborates both the rough equivalence of ordinal mechanisms (see e.g., Pathak and Sonmez 2008
and Abdulkadiroglu et al. 2009) and the inefficiency of ordinal mechanisms (Abdulkadiroglu, Agarwal
and Pathak 2017). Relatedly, Abdulkadiroglu et al. estimated that deferred acceptance gives 80% of
the gains from an infeasible, utilitarian benchmark, for public school choice in New York City. This
leaves 20% of their utilitarian benchmark for other mechanisms to possibly capture. For analysis of
ordinal mechanisms see the seminal work of Abdulkadiroglu and Sonmez (2003) and Bogomolnaia and
Moulin (2001).

Naturally, with more inputs, we expect a cardinal mechanism to deliver a better outcome; cardinal
preferences are more informative than ordinal ones. The search for desirable cardinal mechanisms is
both old and new. In their seminal paper, Hylland and Zeckhauser (1979) propose a pseudomarket
mechanism that elicits cardinal preferences from agents and delivers an assignment. Internally in
the mechanism, each agent has an equal budget of an artificial currency. The mechanism computes a
competitive equilibrium for this market, where the items being priced and allocated are probability
shares of objects. The resulting random assignment can be implemented by appeal to the Birkhoff-von
Neumann Theorem. The pseudomarket mechanism is shown to have desirable properties. Agents do
not have incentives to misreport in large markets (Azevedo and Budish, 2019; He, Miralles, Pycia
and Yan, 2018). As the allocation is based on a competitive equilibrium, each agent is assigned a
probability share profile that maximizes its expected utility subject to its budget constraint at the
competitive equilibrium prices. This random assignment is Pareto efficient under certain assumptions
described below. The random assignment is also envy-free in the sense that each agent weakly prefers
its lottery over other agents’ according to its expected utility, because all agents have identical budget
constraints.

Despite these encouraging properties, Hylland and Zeckhauser (1979) has not yet been compared
to existing, ordinal mechanisms in a field setting. Our paper measures the welfare gains from a pseu-
domarket mechanism in the classic setting of school choice, meaning assigning at most one indivisible

item to each agent. We first describe a modified pseudomarket mechanism that largely addresses the



lack of an equilibrium selection rule in the original mechanism in Hylland and Zeckhauser. We then
theoretically analyze our pseudomarket mechanism’s properties.

At the time of the initial distribution of our paper, we knew of no computational implementation
with more than a handful of agents of the Hylland and Zeckhauser mechanism, despite a recent surge
of theoretical interest in extensions of pseudomarket mechanisms. One of our contributions is to
describe a computational approach to computing the stochastic assignment that is the key output of
the mechanism. In other words, we are the first to computationally operationalize the Hylland and
Zeckhauser pseudomarket mechanism. Our empirical application shows that the algorithm works for
problems on the order of the school choice market that we study.

A second cardinal mechanism that we study is an envy-free mechanism. Our envy-free mechanism
is motivated by the cardinal mechanism developed for the more general course bundle problem by
Nguyen, Peivandi and Vohra (2015). As we argue in detail below, the requirements on the allocation
from the envy-free restriction are weaker than the requirements from the pseudomarket restriction.
We also show that both sets of restrictions are sufficient for the “strategy proof in the large” incentive
property in Azevedo and Budish (2019). Further, the weaker envy-free restriction could lead to a
higher social welfare value, as we show. Finally, computationally the envy-free mechanism is a linear
program and, for the same school choice problem, the envy-free mechanism is easier to implement
than our algorithm for the pseudomarket mechanism.

While we know from Hylland and Zeckhauser that pseudomarkets are Pareto efficient under cer-
tain additional restrictions, another major contribution of our paper is to quantitatively study other
measures of the welfare gains from using a cardinal mechanism over an ordinal mechanism.

To work with an empirically-founded set of preferences, we turn to school choice for ninth grade
(the first year of high school) in the Seattle Public Schools. To estimate aspects of students’ cardinal
preferences over schools, we work with a setting where students are using an existing ordinal mechanism
where students are facing lotteries.

Conventional approaches to estimating the distribution of student preferences rely on strong as-
sumptions. One common assumption is that student preferences are independently distributed from
students’ families’ locations and siblings’ previous school attendance. This is unlikely to be the case
in Seattle due to preferences across siblings and endogenous location choice. Instead, we estimate the
identified set of cardinal preferences for each student consistent with that student’s submitted rank
ordered list and our estimates of the lotteries facing each student, based on enrollment data. The
empirical approach of estimating an identified set of preferences for each agent was also used in the
empirical work on random coefficients in demand models in Bajari and Benkard (2005). We describe
our estimation approaches in more detail below.

We use these estimated cardinal preferences over high schools to compare the performance of three
school choice mechanisms, two cardinal-preference mechanisms and one ordinal-preference mechanism.

One cardinal mechanism is our variant of the pseudomarket of Hylland and Zeckhauser (1979). The



second is our simplification of the envy-free mechanism developed for course bundles by Nguyen,
Peivandi and Vohra (2015). The ordinal mechanism is the so-called ordinally efficient mechanism
of Bogomolnaia and Moulin (2001), which also gives a stochastic assignment. By comparing the
pseudomarket and envy-free mechanisms to an ordinally efficient mechanism, we in some sense compare
cardinal mechanisms to the best member of the class of ordinal mechanisms. All three mechanisms in
our comparison are strategy proof in the large and our implementations assume truth-telling behavior
by the students.’

We do not include the actual Seattle mechanism in the comparison because it lacks desirable
theoretical properties, such as encouraging truthtelling in large markets. As stated before, not being
strategy proof allows us to identify cardinal preferences from the lotteries facing students.

We measure the welfare gains from the pseudomarket mechanism over the probabilistic serial
mechanism. Our headline results impose that the capacity of the school choice program for Seattle
ninth grade is equal to the number of students who participated. We find that 71% of the students
prefer the pseudomarket assignment over probabilistic serial, that 12% are indifferent up to numerical
error between the two mechanisms, and that 17% prefer the assignment under probabilistic serial.
Likewise, 67% of students prefer the envy-free assignment over probabilistic serial, 10% are indifferent,
and 22% prefer probabilistic serial.

Further, we introduce a new gain measure for measuring the welfare gain from one mechanism
over another. Our definition of the mechanism gain is given later in the paper. For now, we mention
an interpretation. For a particular student, compute the mechanism gain measure using the Seattle
ninth grade setting and say it is 0.05. Then an interpretation of the gain of 0.05 for this student is
that the difference in expected utilities between the two mechanisms is equivalent to a move of 0.05
probability from the student’s lowest-choice school to the student’s highest choice school.

For the pseudomarket mechanism, the mean gain over probabilistic serial is under the exact ca-
pacity scenario for Seattle described above is 0.016, so equivalent to increasing a student’s probability
of attending his or her highest-choice school by 0.016 and decreasing the probability of his or her
lowest-choice school by the same amount. For the envy-free mechanism, the mean gain over proba-
bilistic serial is higher at 0.045. For comparison, a utilitarian benchmark without any incentives for
student truthtelling has a 0.077 gain over probabilistic serial. Therefore, we find that the pseudomar-
ket mechanism captures 21% of the possible gain over an ordinally efficient ordinal mechanism and the
envy-free mechanism captures 58% of the possible gain. Note that our gain measure always compares
the focal cardinal mechanism to the ordinal mechanism, not to a naive mechanism not involving school
choice, unlike the comparisons of ordinal mechanisms to utilitarian benchmarks in Abdulkadiroglu,
Agarwal and Pathak (2017).

Both cardinal mechanisms outperform probabilistic serial in terms of mechanism gain, intuitively

1The probabilistic serial mechanism is also exactly strategy proof in large enough markets (Kojima and Manea,
2010).



because cardinal mechanisms solicit more information than ordinal mechanisms. The envy-free mech-
anism imposes weaker restrictions than the pseudomarket mechanism, as we have alluded to and will
discuss in more detail. These weaker restrictions explain its higher mechanism gain. We unpack these
results and show results for other capacity and estimation scenarios in the second half of the paper.

We have mentioned several related papers already. There is a growing interest in theoretical work
studying extensions to pseudomarkets imposing unit or bundle size demand constraints, including
work such as Budish (2011), Budish, Che, Kojima and Milgrom (2013), He, Miralles, Pycia and Yan
(2018) and Echenique, Miralles and Zhang (2020). Budish (2011) is particularly noteworthy as it
is a pseudomarket that to our knowledge is used to assign students to course bundles at Wharton.
Budish’s mechanism has been implemented in a real setting at scale and evaluated in the lab (Budish
and Kessler, 2016; Budish, Cachon, Kessler and Othman, 2015). Our understanding is that the
mechanism uses ordinal preferences over course bundles rather than the cardinal preferences studied
here. To our knowledge, no prior work on pseudomarkets imposing unit or bundle demand constraints
has implemented any cardinal preference mechanism on the computer at scale and particularly not
for the mechanism of Hylland and Zeckhauser (1979).

There is also theoretical work on pseudomarkets without imposing unit or bundle demand con-
straints, such as Pratt and Zeckhauser (1990) and much work in computer science. We know of less
attention paid to our envy-free mechanism, which we view as a special case of the mechanism in
Nguyen, Peivandi and Vohra (2015).

2  Our Pseudomarket Mechanism

Consider the classic problem of assigning at most (or sometimes, like in public school choice, exactly)
one slot in a school to each student. We first outline the assignment problem and our pseudomarket
mechanism. We then analyze the mechanism’s theoretical properties. We finally use one example
to explain why our mechanism differs in some details from the original pseudomarket mechanism in
Hylland and Zeckhauser (1979).

2.1 Mechanism Definition

Let there be J schools, indexed by j. Let there be I students, indexed by ¢. The symbol J can also be
the set of schools and the symbol I can also be the set of students. Each school j has a capacity g;.
We study the cases of exact capacity, where Zje 7@ = 1, and excess capacity, where jes i > 1.

The mechanism produces a stochastic assignment matrix © = (m;;) where m;; € [0, 1] is the

ieljed
probability that student 7 is assigned to school j. We restrict attention to feasible assignments, meaning
the sum of assignment probabilities is less than or equal to capacities for each school, in notation

> mij < q;V j. Every feasible random assignment in this school choice setting can be decomposed into



a convex combination of deterministic assignments and can therefore be implemented as a lottery over
deterministic assignments (Birkhoff 1946; von Neumann 1953). Code for the decomposition is freely
jes be
the vector of assignment probabilities for student ¢, which we sometimes call the lottery facing student
i. We impose . ;

In a cardinal-preference mechanism like a pseudomarket, students submit real number values v;;

available and we do not discuss implementing the assignment lottery further. We let m; = (m;;)
mi; = 1 for all students 4.

for the utility of school j to student i. Let v; = (v;;) be the vector of utilities for all J schools

jeJ
submitted by student . Inside the mechanism, the utilities are used in expected value calculations.

The expected value of a submission v; of utilities for all J schools by student i is

J
T -V = g TijVigs
Jj=1

which simply multiplies each school’s utility v;; by the corresponding assignment probability ;;.
These utilities v; are called cardinal preferences because the rank ordering over different lotteries
(mij) ;s facing student i are preserved by a positive affine transformations of the submission (vi;) ;-
The pseudomarket mechanism we propose can be made to have the same stochastic assignment 7 =
(Tij)ser jes under any positive affine transformation of preferences, as we discuss below.

The exact pseudomarket mechanism that we implement produces a stochastic assignment matrix
= (mi;), el jer by solving the following mathematical program, taking as inputs the matrix of student
utilities v = (vij);c; ;e ; and the vector of school capacities ¢ = (g;) ;¢ ;-
max W (7, v) subject to

P

(m,p) € Equilibria (v, q) . (1)

Briefly, the mechanism maximizes a social welfare function W (7, v) subject to the constraint that

the stochastic assignment matrix 7 and a vector of school-specific prices p = (p) are one of the

jeJ
equilibria to a pseudomarket. In practice, if there are multiple global solutions (7, p) to (1), we pick
the first solution that is found by our numerical algorithm.

Let us define these terms further. First, W (7, v) is a social welfare function chosen by the school

district that implements the mechanism. One social welfare function is the Nash product, or

I
W (m,v) =[] (mi-vi—G-v), (2)

=1

where ¢ = (qj /2 ks qk)je  1s the vector of percentage capacities for all schools. Other social welfare



functions can be chosen, such as the sum of (non-logged) expected utilities

I

T - V4
W)= 3t e :
() — max; vi; — min; v;; 3)

i=1
By inspection, one can verify that an assignment matrix 7 maximizing both these welfare functions
will be invariant to student-specific positive affine transformations.

The term Equilibria (v, ¢) is the set of competitive equilibria (7, p) to a pseudomarket with a utility
matrix of v = (vij),c 1.jes and a vector of capacities ¢ = (g;) A competitive equilibrium is a pair
(m,p) such that:

jeJ-

1. The assignment matrix 7 is feasible: >, m;; < ¢;Vj € J.

2. At the price vector p, the assignment vector m; for each student i maximizes that student’s

expected utility subject to a unit budget constraint:

m; € argmax (7; - v;) (4)

i

subjectto m; - p < 1.

Each student’s shopping problem is a linear program. Note that we do not impose a “market clearing”
condition; such a condition for example might rule out setting some prices to be positive infinity. The
social welfare function in practice prevents such an equilibrium from being chosen by the mechanism.

The set of competitive equilibria Equilibria (v, ¢) is invariant to positive affine transformations. To
see this, because the objective function in the individual consumer maximization problem (4) is linear
in both the choice m; and the utilities v;, it is straightforward to see that the set of solutions to (4) is
invariant to a positive affine transformation for student <.

In general, the computation of the mechanism occurs on a school district computer, away from
students. Students collectively submit the matrix of utilities v and receive the stochastic assignment
7 or the deterministic assignment using the final lottery mentioned above. The school district could
choose to disclose the computed price vector p in the interests of transparency. Immorlica, Lucier,
Mollner and Weyl (2017) propose a raffles mechanism that is more interactive for students than the

pseudomarket mechanism defined here.

2.2 Properties of the Pseudomarket Mechanism
2.2.1 Number of Solutions to the Mechanism

The pseudomarket mechanism is a solution to the mathematical program (1). Given the mechanism,

it is desirable to know whether there exists at least one solution to the mechanism, so that in part



the set of competitive equilibria Equilibria (v, ¢) is non-empty.
Proposition 1. Let the following two conditions hold:

1. The social welfare function W (m,v) can be written as W (w1 - v1,..., 71 - v1) such that the func-

tion W is continuous in all I student expected utilities m; - v;.

2. There exists a constant € > 0 such that the mechanism restricts attention to competitive equilibria
such that the lowest price for a school is bounded above by 1 —e€ and all school prices are bounded

above by a positive constant.
Then the mathematical program (1) augmented with the conditions above has at least one solution.

In our computational implementation, we do not impose the restriction on prices in the second
condition of our proposition because we have never found it to change the stochastic assignment .

It would be also desirable to know that there is only one solution to the mechanism. With the Nash
product social welfare function (2), we have found somewhat stylized examples with multiple stochastic
assignments 7w that are solutions to the same mechanism. We conjecture based on computational
examples that all equilibria maximizing the Nash product have the same profile of expected utilities
and that there is a unique equilibrium with probability 1 if student utilities v; are independently

sampled from a continuous distribution.

2.2.2 Pareto Efficiency

Pareto efficiency is one of the key properties of an assignment 7 from the pseudomarket mechanism in
Hylland and Zeckhauser (1979). In simulations, our mechanism achieves Pareto efficiency if a school
district picks a social welfare function that is strictly increasing in the expected utilities of students.
We do not have a formal theoretical result.

Hylland and Zeckhauser impose additional assumptions in order to formally prove that equilibria
are Pareto efficient. For the case of exact capacities, Hylland and Zeckhauser prove that equilibria
are Pareto efficient when (HZ1) at least one school has zero price and (HZ2) a student with multiple
utility maximizing lotteries m; picks one with the lowest cost. In the case of excess capacity, a
supplemental appendix further shows that an equilibrium is Pareto efficient provided HZ2 holds and
(HZ3) all under-demanded schools have a price of zero. We could impose these zero price and least
cost conditions to prove that our mechanism’s stochastic assignment is Pareto efficient, but we have
found Pareto efficiency holds for our mechanism without imposing any of HZ1-HZ3 in all examples
we have considered. We discuss the conditions HZ1-HZ3 further in Section 2.3.

2.2.3 Incentive Properties

The pseudomarket mechanism is not strategy proof because some students may find it profitable to

misreport their preferences (Hylland and Zeckhauser, 1979). However, this incentive to misreport is



not a concern when the market grows larger in sense that the number of students and the capacity of
each school increase proportionally while the number of schools is constant. We rely on two results in
the literature.

First, in a sequence of regular replica economies, He, Miralles, Pycia and Yan (2018, Theorem 2)
show that any student’s incentive to misreport vanishes.? Second, Azevedo and Budish (2019, online
appendix) prove that the pseudomarket mechanism is strategy proof in the large.?

In the following, we assume that students report their cardinal preferences truthfully in the pseudo-
market mechanism. Note that in our application, we do have a large market that includes all students

participating in school choice for Seattle’s ninth grade.

2.3 Example of Equilibrium Selection

The main difference between our approach and that in Hylland and Zeckhauser (1979) is our em-
phasis on equilibrium selection. Hylland and Zeckhauser restrict attention to equilibria such that the
requirements HZ1 and HZ2 mentioned before are satisfied for the case of exact capacity and HZ1 and
HZ3 are satisfied for the case of excess capacity.

We do not impose the above restrictions and instead rely on social welfare function maximization
to both select an equilibrium (or one of perhaps a handful if multiple equilibria maximize the same
welfare function) and ensure Pareto efficiency. The following example shows that requiring prices for
under-demanded schools to be equal to zero can result in a lower achievable social welfare value.

Consider an example with 3 students and 4 schools, each with one slot:

1 J2 Jz Ja
i 3 1 2 4

v = . , q@=
12 1 3 2 5

11 2 4 5 1

e

We compute four distinct equilibria by i) maximizing the Nash product (2), ii) maximizing the sum

of expected utilities, iii) maximizing the sum of expected utilities subject to an additional constraint

2Regularity in their setting resembles a concept common in the general equilibrium literature (e.g., Dierker, 1974;
Hildenbrand, 1974; Jackson, 1992). Also, He et al. (2018, Theorem 2) states that “[t|here always exists a selection of
PM prices” that satisfies their definition of asymptotic strategy profess. However, their proof on page 295 only requires
that the equilibrium selection does not depend on market size. In a sequence of replica economies, our selection rule,
which is a social welfare function, is indeed independent of market size.

3Informally, strategy proof in the large for our mechanism means that, as the market grows larger, each student
is more likely to take the prices as given and therefore have a dominant strategy to report truthfully. Their result
requires the school valuation vectors v; to take on finite support and also that there is an equilibrium selection rule such
that students who report the same utilities v; receive the same stochastic lottery over schools 7;. We can impose that
students who report the same utilities v; receive the same stochastic lottery over schools 7; as an extra constraint in the
mathematical program (1). In the case where there could be multiple stochastic assignments 7 solving the mathematical
program, we need a further equilibrium selection rule to fully define the mechanism in the sense of the definition of a
mechanism in Azevedo and Budish.



that prices of under-demanded schools are zero and iv) minimizing the sum of expected utilities. The

following table lists equilibrium prices and utility levels. The equilibrium assignments 7 are given in

Appendix B.
Equilibrium  p; P2 P3 P4 TVl MoV TR-U3 D oUW Y oplog(v - m — v
. 82877 32531 8391 53 35 203 169
i) 5822 30010 | 7s0o 16 8 5 16 log (67)
. 28436 7972 10232 13 9 51 21
ii) 29001 9667 1 9667 4 2 5 4 log (%)
iii) 0 0 1 2 I 4 5 2 log(3)
2 2 232
: 11 33 11 38 31 42 111 567
iv) 0 0 20 5 11 11 11 11 log ( 10648 )

By definition, equilibrium i) has the highest Nash product and equilibrium ii) has the highest sum of
expected utilities. The equilibria i), ii) and iii) are Pareto efficient, while equilibrium iv) is not, as it is
Pareto dominated by iii). Prices in equilibrium iv) are weakly greater than prices in equilibrium iii),
causing students to shift demand to the less desirable school 1, as shown in Appendix B. Equilibria
i) and ii) assign a positive price to each school and hence fail the requirement for under-demanded
schools to have zero prices. Moreover, the utility levels in equilibrium ii) cannot be attained in any
equilibrium imposing zero prices for under-demanded schools.

Equilibrium restrictions HZ1, HZ2 and HZ3 proposed in Hylland and Zeckhauser are attractive
because they provide simple sufficient conditions for Pareto efficiency. However, imposing these re-
strictions rules out some Pareto efficient utility profiles, sometimes results in lower social welfare to
the school district, and finally makes the numerical problem of finding a mechanism solution more
challenging.

All four equilibria listed above fall into the set of equilibria considered in Proposition 1. In contrast,
only equilibrium iii) meets the requirements in Hylland and Zeckhauser. The inefficient equilibrium
iv) satisfies both restrictions HZ1 and HZ2; however, under-demanded schools 3 and 4 have positive

prices and so HZ3 is not satisfied.

2.4 Numerical Algorithm for Mechanism

While there has been much recent theoretical research into pseudomarkets, to our knowledge (at the
time of the initial distribution of our paper) no article in economics or computer science has shown
how to compute an equilibrium to a pseudomarket, like Hylland and Zeckhauser (1979), with more
than say ten students where each student is assigned to at most one school.* Our reading is that the
computer science literature has focused more on the problem of finding a Competitive Equilibrium

with Equal Incomes when there is no unit demand constraint, meaning a student could attend multiple

4Vazirani and Yannakakis (2020) prove that the problem is in the complexity class FIXP. Hosseini and Vazirani
(2021) state that “Although HZ is based on the attractive idea of using a pricing mechanism, from the viewpoint of use
in applications, it has a serious drawback, namely lack of computational efficiency, due to which solving instances of
size even 4 or 5 is difficult.”

10
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schools at once (e.g., Pratt and Zeckhauser, 1990; Aziz, 2015).
Our pseudomarket mechanism is the mathematical program (1), where the definition of a compet-
itive equilibrium includes consumer utility maximization in (4). Combining the main mathematical

program with the definition of a competitive equilibrium gives:

max W (m, v) subject to
™p

> mij < q;Vj € J (capacity)

K3

m; € argmax (7; - v;) (utility maximization)

U

subjecttom; -p < 1Vie I, (5)

We make the constraints that each m;; € [0,1] and that >, ;m; = 1 implicit, although of course
they are imposed.

This mathematical program is an example of a bilevel optimization problem, where there is an
outer maximization problem subject to one or more inner maximization problems. The Stackelberg
leader /follower model is one example of a bilevel optimization problem. In our mechanism’s case,
there are as many inner optimization problems as students, I. We consider applications like school
choice with many students, so solving this mathematical program is more difficult than examples often
found in methodological papers on solving bilevel optimization problems, which often have one or two
inner optimization problems.

Sinha, Malo and Deb (2018) and Schmidt and Beck (2021) are recent reviews of methods for
solving bilevel optimization methods. While we tried several alternatives, in the end the method
of single level reduction had subjectively the best combination of speed and reliability of finding a
solution. The method of single level reduction transforms the mathematical program (5) into the
problem of maximizing the welfare function subject to the capacity constraints and the Karush-
Kuhn-Tucker (KKT) constraints for the I student-specific utility maximization problems. Because
the student problems are linear programs, Slater’s condition states that satisfying the KKT conditions
are necessary and sufficient for a proposed solution 7; to maximize student utility. Note also that the
KKT conditions are robust to the existence of multiple solutions 7; for a particular student, given a
price vector. An alternative where we attempted to compute the demand correspondence for student
1 would suffer because computing a correspondence can be harder and because the correspondence
may be discontinuous in price.

The mathematical program with the KKT conditions is described in full detail in Appendix C. The
KKT conditions include J+1 complementarity constraints for each student. This makes the optimiza-

tion problem in the appendix a mathematical program with complementarity constraints (MPCCs)
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Table 1: Percentage of Pseudomarket Starting Values Where KNITRO Converges for Synthetic Ex-
amples

# students | 5 schools 10 schools 20 schools
100 0.11 0.30 0.21
500 0.10 0.03 0.09
1000 0.07 0.025 0.06
1500 0.06 0.08 0.01
2000 0.09 0.05 0.08

where there are I - (J+ 1) complementarity constraints. There is a separate literature on solving
MPCCs (e.g., Hoheisel, Kanzow and Schwartz, 2013). While there are specialized packages such
as PATH for solving MPCCs, our experiments found that the interior point/barrier solver KNITRO
performed the best, as confirmed for MPCCs in the online benchmarks of Mittelman (2021). The
algorithm KNITRO uses to solve MPCCs is described in Leyfler, Lopez-Calva and Nocedal (2006).
Our computational strategy is to try KNITRO with many starting values for each assignment prob-
lem. In a synthetic example, we used 160 starting values for KNITRO for each of several combinations
of the number of students, I, and the number of schools, J. Table 1 shows the percentage of these 160
runs for each market structure that converge. While most starting values do not converge, enough
do to make this approach feasible. Figure 1 shows the mean time KNITRO takes on a Linux server
for to finish for these same runs, broken out separately for runs where KNITRO reports convergence
and runs where it reports non-convergence. A starting value that leads to convergence will converge
quickly, while KNITRO may take a long time to report non-convergence. One recommendation is to
use many starting values and terminate runs after a certain number of iterations, as runs taking a

long time are less likely to converge.

3 Envy-Free Mechanism

The second cardinal mechanism that we consider is an envy-free mechanism that is a special case of
the mechanism for college students picking bundles of courses in Nguyen, Peivandi and Vohra (2015).
Of course, picking a single school is an equivalent assignment problem to picking a bundle of only a
single course. Many contributions in Nguyen et al. are specific to bundles of two or more courses and
are not needed for the assignment of at most one school to each student.

The mechanism is to pick an assignment matrix 7 to maximize social welfare, as discussed earlier,

subject to envy-freeness constraints, or

max W (7, v) subject to

s

7 € Envy Freeness (v) . (6)

12



Figure 1: Time Needed for Converged and Non-Converged KNITRO Runs for Pseudomarket
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Note that there are no prices and capacities are used only to restrict assignment matrices w. The
envy-freeness constraint is satisfied when, for all pairs of distinct students 4, j, ¢ does not envy j’s
assignment lottery, meaning the expected utility of ¢’s own bundle is higher to ¢ than i’s expected

utility for j’s bundle. In notation, ¢ not envying j means that
7TZ"’U¢Z7TJ"UZ‘. (7)

Nguyen et al. presumably impose envy freeness in part because Azevedo and Budish (2019) show it is
one of several sufficient conditions for a mechanism to be strategy proof in the large, a property also
shared by the pseudomarket mechanism. We impose envy freeness for the same incentive properties.

Indeed, one property of pseudomarket equilibria is that they are envy free. With equal budgets
for all students, each student can afford the bundle assigned to any other student by the mechanism.
By individual utility maximization, each student prefers his or own her own lottery to those assigned
to other students. The pseudomarket is also more restrictive than envy freeness as a student does not
prefer any other affordable lottery, rather than just the lotteries assigned to other students in the same
school district. The constraints in the envy-freeness mathematical program are therefore weaker than
the constraints in the pseudomarket. Using weaker constraints means that the envy-free mechanism
will produce weakly higher social welfare than the pseudomarket.

We implement the envy-free mechanism using the sum of expected utilities, (3), as the social
welfare function. With the envy-freeness constraints (7) also being linear in 7, (6) is a linear program.
The main computational concern is that there are I - (I — 1) envy-free constraints (7), where recall I
is the number of students. Still, linear programs are easier to solve than MPCCs and we believe that
the envy-free mechanism can be used for even the largest school districts in the United States, like
New York City.> Only one run of a linear programming solver like Gurobi is typically needed for each

assignment problem; global convergence happens each run.

4 Estimation of Cardinal Preferences

The goal of the remainder of the paper is to measure the welfare gains from using the two cardinal-
preferences mechanisms instead of the ordinal-preference mechanism called probabilistic serial. Rather
than exploring only arbitrarily chosen preferences in an artificial situation, we estimate the cardinal
utilities of real students applying to ninth grade, the first year of high school, in the Seattle Public
Schools.

Cardinal preferences are preferences over lotteries and so we need students facing lotteries over

schools in order to have a hope at estimating cardinal utilities over schools. We sought out data from

50ne could drop many of the I - (I — 1) envy-free constraints and presumably get around the same solution, as long
as many constraints are still kept.
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Seattle because it uses a variant of the Boston mechanism and so the mechanism is not strategy proof.
We do not seek to analyze the Seattle mechanism; rather we use data from it to identify cardinal
preferences in order to evaluate the pseudomarket and probabilistic serial mechanisms using cardinal
preferences estimated from field data.

There are 11 high schools in Seattle participating in school choice and 964 students participated
in the year we have data for, 2018. Participation is voluntary; if a student prefers his or her assigned

default school than there is no need to participate in school choice.

4.1 Estimating Assignment Probabilities in Seattle

In Seattle, and as in other ordinal school choice mechanisms, current eighth grade students submit
ranked ordered lists of schools m;, in this case before the winter holidays. Students can have priorities
for various schools based on geographic residence and sibling status, which our data measure and we
call z;. Our data then show enrollment in ninth grade for these students. Let y;; = 1 if student 4 is
enrolled in school j in ninth grade and let y; = (yij)j e
We use the data on (my, x;,y;) to estimate the statistical model

Pr (yij =1 | xi,mi) ~ hj (xi,mi).

We estimate this classification problem (school enrollment is a discrete outcome) using a random forest
method, with several tuning parameters chosen by cross validation to mitigate overfitting. We then
assume our estimated probabilities h (xz;,m;) are the probabilities that a student with priorities x;
would use when picking a ranked ordered list m; to submit to the Seattle mechanism. In the language
of the pseudomarket mechanism, h (z;,m;) = (h; (;,m;));c ; is the estimate of the lottery 7; facing
student ¢ from the Seattle mechanism.®

This approach of using ninth grade enrollment data to estimate the probabilities that a student
faces when submitting a list of schools allows for uncertainty from events after the formal school choice
mechanism is run, like a family moving within the district and a student appealing his or her initial
assignment. It does not allow the student to have more information than the researcher or school
district at the time the list is submitted. If at the time of list submission a student knew he or she
would move and get different geographic priorities, then A (x;, m;) would not account for the student’s
private information.

Our baseline approach to estimating preferences assumes that students know the probabilities
h(x;,m) for each submission m. In a robustness exploration, we make weaker assumptions in es-
timation. Relaxing the knowledge of assignment probabilities has also been done in other work on

mechanisms that are not strategy proof (e.g., Agarwal and Somaini, 2018; Kapor et al., 2020).

60ther papers in the school choice literature estimate the lotteries facing students directly from the data (e.g.,
Agarwal and Somaini, 2018; Kapor, Neilson and Zimmerman, 2020).
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Our coming preference estimates depend on our estimates of h (z;,m;) and different techniques
used in the literature would result in new estimates of h (x;, m;) and hence cardinal preferences. The
by now common alternative approach of computing h (x;, m;) using formal simulations of Seattle’s
mechanism is not feasible as the mechanism is run on a computer by the district’s information tech-
nology department and the IT department was not willing to share its code or the formal definition

of the mechanism, which is similar but not identical to the historic Boston mechanism.

4.2 Partial Identification of Student Utilities for Schools

We need cardinal preferences over schools in order to evaluate expected utility calculations in the
pseudomarket and to compare the welfare gains between the pseudomarket and probabilistic serial
mechanisms. In Seattle, our baseline approach assumes students submit a ranked ordered list m; that

maximizes expected utility
v; - h (x5, m) = Zvih]’ (wi,m) .
J

If m; is the submitted list and m another, arbitrary list of schools, list m; must have given a weakly
higher expected utility:

Vit h(Iz,mz) > v h(xl,m)

Let a choice situation be given by M possible lists m and a corresponding matrix of probabilities

ht = (h; (xi7m))jeJ,meM7

section of matrices h* and chosen lists m;.

one column for each submission m. Say the researcher has data on a cross

A more traditional approach of point identifying a random utility model relies on two strong
assumptions: the lotteries facing students vary continuously in a small set and students’ preferences
for schools are distributed independently from the lotteries h;.” These two assumptions are not well
satisfied in the Seattle data. On the lack of continuous variation in lotteries, our priority measures x; of
neighborhood and sibling enrollment are discrete. Further, there are two key reasons why independence
may not hold. First, sibling preferences are part of x; and likely correlated with v;, as a parent with
strong preferences for a particular school for an older sibling likely has strong preferences for the same
school for a younger sibling. For example, the school could be near the parent’s commuting route.
Second, school preferences likely play a role in choice of residence, so that those students who live
nearer a school have a higher preference for it.

For these reasons, we adopt a partial identification approach that removes the need for continuous
variation in lotteries and independence between the menu of lotteries and preferences. For each student

i, the identified set of preferences V; is the set of school utilities where the submitted list m; gives

7Agarwal and Somaini (2018, Theorem D.1) point identify the probability of certain sets of school utilities using a
finite number of lottery matrices h;.
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higher expected utility than all other submitted lists m in the set of all such lists, M. In other words,
Vi ={vi | vi - h(2zi,mi) > vi - h(vi,m) Vm e M}.

The identified set of preferences for student 4 is hard to further characterize on a computer. One
challenge is the high number of possible lists in M. For each student, we pick a subset of lists
M; C M based on our intuition of what counterfactuals lists will shrink the non-sharp identified set
for student 1,

f/;:{vi|vi~h(xi,mi)Zvi'h(xi,m)VmEMi}. (8)
We describe how we pick the counterfactual lists M; in Appendix D.

During our mechanism simulations, we follow the approach in the empirical work of Bajari and
Benkard (2005) on the demand for computers and impose a uniform distribution over each V;. In
Appendix D, we propose a rejection-based MCMC sampler that allows us to draw from the uniform
distribution over each V; (e.g., Bélisle, Boneh and Caron, 1998). The main challenge in our imple-
mentation of the sampler is imposing our location normalization that min;v;; = 0 and our scale
normalization that Zj v;; = 1Vi. For each replication of all of the pseudomarket, envy-free and
probabilistic serial mechanisms, we draw one vector of school utilities v; for each student i from V;,
using the sampler.

In a robustness exploration, we use rules other than a uniform distribution to take values from the

revealed-preference set V.

4.3 Weaker Preference Restriction

As mentioned previously, the assumption that the students know the lotteries h (x;, m;) is controversial
in the literature. If students, do not know h (x;, m;), then they cannot compute their own expected
utilities and even continuous variation in lotteries facing students would likely not lead to the point
identification of a distribution of cardinal utilities for schools.

Nevertheless, the partial identification approach can be extended to weaker assumptions, resulting
in a larger identified set for each student. Recall that each student is assigned to a default school
based on his or her residence. While there are many models of behavior other than expected utility
maximization, we use the assumption that all schools listed on the submitted list are preferable to the
default school and all schools not listed are not preferred to the default school. We only use students for
which the maximum length of the submitted list, five, is not used. This weaker preference restriction
only informs us directly about ordinal preferences. Combining this restriction with the previous
sampling procedure means that we sample cardinal preferences, with appropriate location and scale
normalizations, uniformly from the set of cardinal preferences consistent with the restriction that all

schools listed on the submitted list are preferable to the default school and all schools not listed are
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Table 2: Seattle High Schools, Submitted Preferences, Capacities and Estimated Top School Prefer-
ences for One Replication

High School | # Submitted | # Estimated Capacity
First Choice | Top Utility | (Under Exact)

Ballard 51 66 79
Cleveland 243 194 233
Franklin 55 82 72
Garfield 85 73 58
Roosevelt 120 161 84
Chief Sealth 17 24 31
West Seattle 50 49 44
Ingraham 198 173 165
Ranier Beach 8 10 47
Nathan Hale 54 58 84
Center 83 74 66

not preferred to the default school.

4.4 Estimates of Preferences for Seattle

Table 2 lists the public high schools in Seattle. For each school, the first column is the number of
students who listed that school as their first choice in their submissions to the school choice program.
Cleveland is the school most often listed first, while Ranier Beach was rarely listed first.

In a non-strategy proof mechanism, sophisticated students might not submit their true first choices
to the mechanism. In the second column, we use the estimation method described above to take one
uniform draw from the revealed preference set of school utilities for each student, under the baseline
assumption that students know the lotteries they are facing in the Seattle mechanism. The second
column of Table 2 reports the number of students who have each school as their true top preference
under these estimates. Schools like Cleveland and Ingraham are less popular than the submitted lists
indicate, which is explained in terms of the model by students using the lottery information to list
schools with a higher chance of admittance.

The third column of Table 2 lists the capacities of the school for the school choice program that
we use in our mechanism comparisons. The capacities are set proportional to the fall enrollment
for students participating in school choice. Under the exact capacity scenario in the table, the total
number of seats in the school choice program is equal to the number of students participating in school
choice. Cleveland has a higher capacity than the number of students who are estimated to have it
first in their preferences, consistent with the larger number of students listing Cleveland first being

driven by strategic behavior.
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5 Mechanism Gain Measure

We will compare the pseudomarket and envy-free cardinal mechanisms to the ordinal mechanism
probabilistic serial. Before presenting our comparisons, we introduce a new mechanism gain measure

for the purposes of comparing the outcomes of mechanisms.

5.1 Gain Definition

For concreteness, we focus on the comparison of the pseudomarket cardinal mechanism, called PM, to
the probabilistic serial ordinal mechanism, called PS. Then let 7™ be the pseudomarket assignment
(probabilities for each school) for student i and similarly let 7} S be the probabilistic serial assignment
for student 7. Then the mechanism gain to student i of the pseudomarket over the probabilistic serial

mechanism is defined to be AL P
v - (m =7 0)

max; vi; — Iy V5

The numerator of the gain measure is the difference in expected utilities between the two mechanisms,
recalling that v; is the vector of school utilities for student . The denominator is the difference in the
utilities of the most and least preferred schools for student 1.

Including the denominator makes the gain measure invariant to a positive affine transformation of
student i’s school utilities. Including the denominator allows different papers with different normal-
izations on student utilities to report the gain measure in comparable units. If a particular paper is
happy with its own choice of normalizations and wants to work with expected utilities directly, the
denominator can be dropped.

We often highlight the mean gain calculated across students and across replications of the two
mechanisms being compared, each replication using new school utility draws for each student. We
also look into heterogeneity of gains across students for the same replication and how those gains are

related to students’ school utilities.

5.2 Equivalent Lottery Interpretation of Gain Measure

The gain measure has a convenient interpretation in terms of “equivalent lotteries” that involve only
two schools, the top school for student i and the worst school for student 7. First, we find the equivalent
lottery over the the top school for student ¢ and the worst school for student ¢ that gives the same
expected utility as the pseudomarket assignment for all the schools in the school district, all the high
schools in Seattle in our application.

Let ﬁgl’PM) be the probability that i is assigned to i’s top school (top across the entire district)
in this i-specific equivalent lottery giving i the same utility as the pseudomarket assignment in the

district as a whole, and let 1 — ﬁl(l’PM) be the probability that ¢ is assigned to ¢’s worst school in this
(

equivalent lottery. Likewise, let ﬁil’PS) be the top-school probability for the equivalent lottery over
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two schools giving the same expected utility as the probabilistic serial assignment for the entire school
district.

Some simple algebra shows that

PM
Vi T (1,PM)

:ﬂ-i

max; v;; — Iy Uy,

The same algebra applies to the probabilistic serial equivalent lottery. To relate the equivalent lotteries

to the gain measure, consider that

v; M vi ) vi - (M — 7))

_(1,PM) _(1,PS)
" " " =T, -7, .
max; v;; — Ny V44 max; v;; — Iy Uy max; v;; — Iy Vg4

Therefore, the gain measure satisfies

v; - (M — wf®)

_(1,PM)  _(1,PS)
- =T, — T, .

max; vi; — Ny V54
To understand the implied interpretation, say the gain measure is 0.05. In this case, a gain or
normalized differences in expected utilities between the cardinal and ordinal mechanisms for student
i of 0.05 is equal to an increase in top school probabilities of 0.05, when the needed 0.05 reduction

occurs for the worst choice school.

5.3 Computational Bounds on the Gain Measure

Cardinal mechanisms solicit more information from students than ordinal mechanisms, as ordinal pref-
erences can be constructed from cardinal preferences. Under truthtelling behavior, one might naively
conjecture that cardinal mechanisms will always outperform ordinal mechanisms. We show compu-
tationally that this is not the case. The mean gain across students of the pseudomarket mechanism
over the probabilistic serial mechanism can be both positive and negative and so it is an empirical
issue requiring preference estimates from a real setting to resolve.

Consider a synthetic market with four students and four schools. Each school has one slot. The
remaining primitives of the market are the student utilities for the schools. With four students and
four schools, there are sixteen scalar school utilities. We numerically search over these sixteen school
utilities to maximize the mean gain of the four students from the pseudomarket mechanism over the
probabilistic serial mechanism. For each guess of the sixteen school utilities by an outer optimization
routine, we compute a solution to both mechanisms and then report the gain measure to the outer
optimization routine. We use a similar procedure to minimize the gain measure.

The upper bound on the gain is 0.29. The lower bound on the gain is -0.19. There is an asymmetry

in favor of the cardinal mechanism: the absolute value of the upper bound is higher than the absolute
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value of the lower bound. There is also a large difference of 0.48 between the upper and lower bounds.
Using the interpretation in terms of equivalent lotteries, the difference in gains of 0.48 is equivalent
to a move in probability from a student’s worst school to the student’s top school of 0.48. These
results indicate that both the magnitude and sign of the gain of a cardinal mechanism over an ordinal

mechanism are empirical matters requiring preference estimates.

5.4 No-Incentives Utilitarian Benchmark

Borrowing a concept from Abdulkadiroglu, Agarwal and Pathak (2017), we define the no-incentives
utilitarian benchmark to be the assignment 7 that maximizes social welfare W (7, v) subject to
only feasibility constraints, like school capacity constraints. There are no pseudomarket or envy-
free truthtelling incentives so this type of mechanism could not be implemented in practice. For a full
benchmark, Abdulkadiroglu et al. compare this infeasible-in-practice mechanism to a naive approach
of assigning each student to the closest school subject to capacity constraints. Those authors then
calculate how much of the improvement in social welfare of the infeasible, no-incentive-constraint
utilitarian approach over the naive assignment is achieved by ordinal mechanisms such as deferred
acceptance.

We are interested in comparing cardinal mechanisms to ordinal mechanisms, not to the naive ap-
proach of assigning each student to the closest school. So we calculate the mechanism gain comparing
the infeasible, no-incentive-constraint utilitarian “cardinal mechanism” to probabilistic serial. We view
this as the maximum gain possible over ordinal mechanisms achievable by any cardinal mechanism.
We then divide the gains for each of the pseudomarket and envy-free mechanisms, both compared
to probabilistic serial, by this maximum gain from the no-incentive utilitarian benchmark. This tells
us the percentage of the total possible gain that is achieved by the particular cardinal mechanism in

question over ordinal mechanisms.

6 Mechanism Comparisons for Seattle Preferences

We now compare the two cardinal mechanisms to the ordinally-efficient ordinal mechanism probabilis-

tic serial using estimated preferences from students in Seattle.

6.1 Baseline Results

Our baseline cases imposes that the total capacity in the school choice program is equal to the number
of students participating in school choice. We also impose that students maximize expected utility
with knowledge of the lotteries facing them in the Seattle mechanism. Finally, we take uniform draws
of school utility vectors from the revealed-preference set of each student. We alter each of these

assumptions soon.
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Table 3: Baseline Mechanism Comparisons

Envy Free Sum Expect Util PM Nash Product PM
Mean  Min Max | Mean Min Max | Mean Min Max
Indifferent 0.10 0.08 0.13 0.12 0.09 0.14 0.12 0.10 0.15

Prefer Cardinal 0.67 063 0.71 0.71 0.67  0.75 0.71 0.66 0.75
Prefer Ordinal 0.22 0.17  0.27 0.17 0.13 0.21 0.18 0.13 0.22
Mean Gain 0.045 0.036 0.052 | 0.016 0.012 0.020 | 0.016 0.011 0.021
Gain No Indiff. 0.049 0.041 0.057 | 0.018 0.014 0.023 | 0.018 0.013 0.024
No-Incentives Gain | 0.077 0.066 0.085 Same Same

Table 3 reports these numbers, which we view as the most important results in the paper. We
run 400 replications, each corresponding to a new draw of the vector of school utilities for each
student. For each replication, we run four mechanisms: probabilistic serial, our envy free mechanism,
a pseudomarket with the sum of the expected utilities in (3) as the social welfare function, and a
pseudomarket with the Nash product in (2) as the social welfare function. The first three columns
compare the envy-free mechanism to the probabilistic serial ordinal mechanism, the second group of
three columns compares the pseudomarket with the sum of the expected utilities welfare function to
the ordinal mechanism, and the last three columns compare the pseudomarket with the Nash product
to the ordinal mechanism. For each measure, the table reports the mean across students within a
replication and then across replications, the minimum across replications of the mean-across-students
within a replication, and the maximum across replications. Looking as the mins and maxes across
replications, the variability of all the measures in the table across the 400 replications is not high.

Consider the comparison of the envy free mechanism to the probabilistic serial ordinal mechanism
in Table 3. 10% of students are indifferent between the two mechanisms. These could include students
who prefer unpopular schools, who might not be affected as much by mechanism choice. 67% of
students prefer their assignments in the cardinal envy free mechanism over their assignments from
the ordinal mechanism. The fraction preferring the cardinal assignment varies from a low of 63% to
a high of 71% over the 400 replications.

The mechanism gain measure is 0.045, ranging from a min of 0.036 and a max of 0.052 across
replications. The number 0.045 means that the mean student’s expected utility improvement from
the cardinal mechanism over the ordinal mechanism is equal to moving a probability of 0.045 from the
student’s least preferred school (out of eleven) to the student’s most preferred school. This is one of
the central results of the paper. Dividing the envy-free mechanism gain of 0.045 by the no-incentive
utilitarian benchmark of 0.077 implies that the envy-free mechanism captures 58% of the gain that any
cardinal mechanism could hope to have over an ordinally efficient ordinal mechanism, probabilistic
serial.

The table reports the mean gain excluding those students who are indifferent between the mecha-

nisms, likely because they prefer schools that are unpopular. For the comparison of the envy-free and
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Table 4: Baseline Mechanism Comparisons

Envy Free Sum Expect Util PM Nash Product PM

Mean Min Max | Mean  Min Max | Mean  Min Max

Indifferent 0.12 0.09 0.27 0.14 0.10 0.31 0.13 0.10 0.31

Prefer Cardinal 0.72 0.56 0.77 0.61 0.33 0.76 0.62 0.18 0.75

Prefer Ordinal 0.16 0.12 0.21 0.25 0.12 0.54 0.25 0.13 0.68

Mean Gain 0.032 0.023 0.038 | 0.006 -0.012 0.018 | 0.006 -0.032 0.017

Gain No Indiff. 0.036  0.029 0.042 | 0.007 -0.013 0.020 | 0.007 -0.037 0.017
No-Incentives Gain | 0.047 0.037 0.056 Same Same

ordinal mechanisms, the mean gain excluding the indifferent is 0.049.

Still on Table 3, turn next to the comparison of the pseudomarket with the sum of expected utilities
social welfare function to the same ordinal mechanism as before. Slightly more students are indifferent
compared to the envy-free case, a few more students prefer the cardinal mechanism than in the envy
free case (71% vs 67% for envy free), and fewer students therefore prefer the ordinal mechanism’s
assignments. However, the mean game of the pseudomarket over the ordinal mechanism, at 0.016,
while still positive, is not as high as we saw with the envy-free mechanism. As before, the interpretation
is of 0.016 is that the mean student’s expected utility improvement from the cardinal mechanism over
the ordinal mechanism is equal to moving a probability of 0.016 from the student’s least preferred
school (out of eleven) to the student’s most preferred school. The magnitude of the decrease of the
mean gain compared to envy-free is perhaps surprising but the direction of the change is not. As
discussed before, the pseudomarket imposes stricter constraints on social welfare maximization than
the envy-free mechanism. Dividing the mean gain of 0.016 by the benchmark gain of 0.077 means
that the pseudomarket captures 21% of the possible gains from any cardinal mechanism.

Table 3 also shows that the pseudomarket with the Nash product social welfare function performs
almost identically on the considered measures to the pseudomarket with the sum of expected utilities

social welfare function.

6.2 Other Capacity and Preference Estimation Scenarios
6.2.1 Excess Capacity

Table 4 considers the same student preference estimation as the baseline case but increases all school
capacities by 10% over the exact capacity case studied in Table 3. Otherwise the two tables have the
same structure.

The last row of Table 4 is perhaps most instructive. The infeasible, no-incentives utilitarian
benchmarks are lower than in Table 3. The mean gain for the benchmark is 0.047 in Table 4 and 0.077
in Table 3. With excess capacity, the room for any mechanism to outperform the ordinal mechanism

has gone down. Given this context, the mean gain of envy free over the ordinal mechanism of 0.032
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captures 0.032/0.047 or 68% of the possible gain from any mechanism based on cardinal utilities. By
this measure, the performance of the pseudomarket under excess capacity is much less impressive,
with a mean gain of 0.006 over the ordinal mechanism capturing 13% of the possible gains of any
mechanism. Across the 400 replications, many of the mean-across-students gains are negative for
the pseudomarket, while the lowest gain is 0.023 for the envy-free market. In this particular excess
capacity scenario, the envy-free mechanism shows a big improvement over the ordinal mechanism
while the improvement of the pseudomarket mechanism varies across replications and is smaller in
magnitude, with the best gain of the 400 replications for the pseudomarket mechanism being smaller
than the worst gain for the envy-free mechanism. Despite these findings using the gain measure, 72%
of students prefer the envy-free mechanism to the ordinal mechanism and 61% or 62% of the students

prefer the pseudomarket mechanism to the ordinal mechanism.

6.2.2 Weaker Preference Restriction in Estimation

Return to the case of exact capacities. As described in Section 4.3, we use a weaker preference
restriction in estimation that does not require students to have knowledge of the lotteries generated
by the existing Seattle mechanism. This results in a larger identified set of cardinal preferences. As
before, we use a sampler to take new, uniformly distributed draws of school utility vectors for each of
400 replications of the four mechanisms being studied.

Table 5 presents the results of the mechanism comparisons using these larger identified sets of
student preferences. Looking at the no-incentives utilitarian benchmark in the last row first, we see
that at a mean gain of 0.033 over the ordinal mechanism, there is less scope for the best performing
cardinal mechanism to improve on ordinal mechanism with these draws from larger preference sets.
The benchmark gain of 0.033 is less than half of the value of the value of 0.077 for the baseline case in
Table 3. Given this context, it is not surprising that the mean gains of the real cardinal mechanisms
over the ordinal mechanism are lower by about the same fraction. The mean gain of the envy free
mechanism over the ordinal mechanism is 0.022 and the mean gain of the pseudomarket mechanism is
0.009, over the ordinal mechanism. The mins and maxes in Table 5 indicates that all 400 replications
for all cardinal mechanisms show a positive mean gain across students over the ordinal mechanisms.
79% of the students prefer the envy-free mechanism to the ordinal mechanism while 78% prefer the

pseudomarket mechanisms to the ordinal mechanism.

6.2.3 Non-Uniform Distribution Approaches to Drawing School Utilities

Following the work on demand estimation by Bajari and Benkard (2005), the previous tables use a
uniform distribution to draw school utility vectors from the student-specific revealed-preference sets
in order to perform the mechanism comparisons. Here we explore other approaches to taking school

school utilities from the identified sets and perform model comparisons.
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Table 5: Mechanism Comparisons for Weaker Preference Restrictions

Envy Free Sum Expect Util PM Nash Product PM
Mean  Min Max | Mean Min Max | Mean Min Max
Indifferent 0.05 0.02 0.10 0.06 0.03 0.11 0.06 0.04 0.11

Prefer Cardinal 0.79 0.72 0.84 0.78 0.67 0.84 0.78 0.67 0.83
Prefer Ordinal 0.17  0.11 0.23 0.16 0.11 0.22 0.16 0.12 0.23
Mean Gain 0.022 0.019 0.027 | 0.009 0.006 0.012 | 0.009 0.006 0.012
Gain No Indiff. 0.024 0.020 0.029 | 0.010 0.006 0.012 | 0.034 0.006 0.013
No-Incentives Gain | 0.033 0.028 0.038 Same Same

Across many draws of vectors of school utilities from a sampler, for each student we take the draw
corresponding to the lowest “utility of the top school minus the lowest utility of the second choice
school”. Our preliminary findings indicate a much higher mean gains of all cardinal mechanisms over
the ordinal mechanism using this approach. What is likely happening is that students are better able
to substitute to their second choice school in this scenario, as they are nearly indifferent between the
first and second choice schools.

Likewise, we constructed a market and by taking the draw corresponding to the highest, instead
of lowest, “utility of the top school minus the utility of the second choice school”. The performance of

the mechanisms is quite similar to the baseline results in Table 3.

6.3 Student Heterogeneity in Gains

It is important to explore heterogeneity in the gains from students in the same replication. For this
purpose, return to the baseline preferences results studied in Section 6.1 and the excess capacity
extension using the same preference estimates in Section 6.2.1.

Figure 2 shows histograms of the gains of students from the various cardinal mechanisms considered
over the probabilistic serial ordinal mechanism. There is a good deal of heterogeneity in the gain across
students for all the six scenarios shown. More students gain than lose as shown earlier. However,
there clearly are some losers who would prefer the ordinal assignment. Further, one can see that the
envy-free mechanism has a thicker right tail than the psuedomarket mechanism. A noticeable fraction
students quite strongly benefit from the envy free mechanism over the ordinal mechanism, more so
than the comparison of the pseudomarket and ordinal mechanisms.

There is some intuition that students with a higher utility difference between their first and second
most preferred schools will gain more from a cardinal mechanism compared to an ordinal mechanism.
Let v;(1) = max; v;; be the utility of the most preferred school for student i and let v;2) the utility
of ’s second most preferred school. The utility difference or gap is v;(1) — vj(2). For the purposes of
visual analysis, we sort students by the percentiles of the gaps, or the percentiles of v;(1) — v;(2)-

Figure 3 examines heterogeneity in the mechanism gain for students by the percentiles of v;(1)—v;(2)-
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For each percentile gap on the horizontal, the corresponding student is identified in each of the 400
replications and the gain of those student from a cardinal mechanism over the ordinal mechanism is
averaged over the replications. The vertical axes in Figure 3 translate these mean gains into percentiles
using the entire set of students and their gains for reference.

For all cardinal mechanism comparisons to the ordinal mechanism and all capacity scenarios, the
panels in Figure 3 tell the same story. There is a flat trend in the level of the mechanism gain up
until the 60th percentile or so of the students’ utility differences between their top two schools. The
mechanism gain starts increasing beyond the 60th percentile of the utility differences between schools
and slope is increasing with the percentile as well. So the students with the highest utility differences
between their top two choices on average have quite high percentile gains from participating in a

cardinal mechanism over the probabilistic serial ordinal mechanism.

7 Conclusion

Cardinal mechanisms solicit more information on preferences than ordinal mechanisms. Therefore,
cardinal mechanisms may outperform ordinal mechanisms on welfare metrics. This paper measures
the extent of the outperformance using estimated cardinal preferences from a real setting, Seattle
ninth grade.

We evaluate two cardinal mechanisms, a variant of the pseudomarket mechanism of Hylland and
Zeckhauser (1979) and the envy-free mechanism, which we see as a special case of the course bundles
mechanism in Nguyen, Peivandi and Vohra (2015). Both of these mechanisms are strategy proof in
the large. Our version of the pseudomarket differs from Hylland and Zeckhauser because we restrict
attention to equilibria that maximize a social welfare function chosen by a school district and drop
other some conditions in Hylland and Zeckhauser that seem to not be needed in our approach for Pareto
efficiency. We are the first paper to develop numerical algorithms to implement a pseudomarket for
single item assignment at scale. Our algorithm works well for problems on the scale of Seattle’s ninth
grade choice program and somewhat larger problems as well.

If both cardinal mechanisms are seen as mathematical programs maximizing social welfare, the
envy-free mechanism imposes fewer restrictions than the pseudomarket problem. Therefore, the social
welfare from the envy-free mechanism will be higher than that from the pseudomarket mechanism.

Our main goal is to measure the welfare gain of both mechanisms over ordinal mechanisms. We
introduce a new gain measure for this purpose. We then use the gain measure to compare both
cardinal mechanisms to the ordinally efficient mechanism known as probabilistic serial, which is also
strategy proof in the large.

Our baseline case is where the schools have a total capacity equal to the number of students,
students are fully informed about the lotteries they face in the mechanism and we take a uniform

draw from the revealed-preference set of school utilities. We find that 71% of students prefer their
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Figure 3: Gain Percentile for Students by the Percentile of the Utility Difference (Gap) Between Their
First and Second Most Preferred Schools
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pseudomarket assignments to that from the ordinal mechanism. Likewise, 67% of students prefer their
envy-free assignments to the ordinal mechanism. The mean gain of the pseudomarket mechanism over
the ordinal mechanism is 0.015. The mean gain of the envy-free mechanism over the ordinal mechanism
is 0.045. Using as a reference the gain over the ordinal mechanism from a utilitarian benchmark that
lacks incentives for students to tell the truth, the pseudomarket mechanism captures 21% of the
possible gain over the ordinal mechanism and the envy-free mechanism captures 58% of the possible
gain over the ordinal mechanism.

We explore various perturbations to our baseline case. Increasing the capacity of schools while
keeping the number of students fixed gives more students their top choices and lowers the gain of
using one mechanism over another. Dropping the assumption that students know their preferences
and using only the weak assumption that schools listed in the data are preferred to the default school,
we find that the mean gain drops in magnitude by roughly a half but that more students prefer
their cardinal mechanism assignments to their ordinal mechanism assignments. We also changed the

assumption of a uniform draw from the revealed preference set of each student.
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A Proofs

A.1 Proposition 1

Proposition 1 gives sufficient conditions for existence of an equilibrium maximizing a social welfare
function that is strictly increasing in the expected utilities of all students.

All equilibria in Hylland and Zeckhauser (1979) satisfy our definition of an equilibrium.® Therefore
the set of equilibria is always nonempty.

Because equilibrium assignments 7 are contained in a compact set and the Nash product is a

continuous function, there exists a sequence of equilibria (7™, p™) such that

lim W(n", v) = sup W (m,v).

n—0o0 (m,p) €Equilibria(v,q)
The technical challenge is to show that the supremum is attained. The result would follow immediately
if a limit of a sequence of equilibria was itself an equilibrium. The following example shows that this

is not always the case.

Example. Consider a single-student economy with two unit-capacity schools and preferences given
by v1 = (0, 1), so the student prefers school 2. For each n, (p" = (1, 1+ %) ;= (1, 0)) describes an
equilibrium, as the price of school 2 is above the budget and the student must purchase only school 1.
However, (p = (1,1) = limy, 00 p™, m1 = (1,0) = lim,,—, oo 7}') is not an equilibrium because the prices

of the two schools are the same and the student prefers school 2.

The conditions in Proposition 1 guarantee that a limit of equilibria is itself an equilibrium. By

Berge’s theorem of the maximum, w;(p) is continuous at the price vector p if there exists at least one

8Hylland and Zeckhauser imposed a zero price for all under-demanded schools, when there is excess capacity. This
condition is compatible with the restriction on prices in the statement of Proposition 1.
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school with price less than 1, where we define

ui(p) =maxqv;-x:Vj € J x; ZO,ijzl,x-pgl
jed

We first show the following lemma:

Lemma 1. Consider a student i with a preference vector v;. The indirect utility function

ui(p) :=max v; -z :Vj € J,x; EO,ijzl,xpg 1
jeJ

is continuous al price vector p if 3j s.t. p; < 1.

Proof. The claim is clear if the individual budget constraint does not bind at p, as in this case there
exists an open neighborhood U of p s.t. w; (p/) = max; v;; on U, i.e. u; is locally constant around p.
Let p be a price vector s.t. p; < 1 and suppose that the budget constraint binds at p. By choice of p,
there exists p/ s.t. p; < 1.

We define two price vectors p,p by p, = min{pj,p;-} and p; = max{pj,p;-}. We note that u;(p) <
wi(p),ui(p) < ui(p), and so |u;(p) — ui(p))| < |ui(p) — ui(p)|. Let z € argmax{v; -z :x 2 0,z-1 =

Lz-p<l}andt= ﬁlz__%_; we note that & =tz + (1 — t)e; is affordable under prices p. Hence,
= L0

|ui(p) = wip)| < (1 =B)fvi - (z = ¢;)] < (1=1) x v/2|vil],

where the last inequality follows by Cauchy-Schwartz. Choosing p, sufficiently close to p, we can make
P -z arbitrarily close to 1, hence (1 —t) arbitrarily close to 0 and the right-hand side arbitrarily small.

It follows that u; is continuous at p. O

A.1.1 Proof of Proposition 1

Let € € (0,1) and consider the subset of equilibria
Equilibria®(v, q) = {(ﬂ',p) € Equilibria(v, ) : mi51pj <1-—¢€and maxp; < I} .
S JjE€

Let W = SUp(x ) cEquilibriac (v,q) W (7, 0). By the definition of a supremum, there exists a sequence
of equilibria (7™, p™) € Equilibria®(v, ¢) such that lim, ., W(r",v) = WZ. Since equilibrium assign-
ments are contained in a compact set and prices are bounded above by |I|, there exists a convergent
subsequence (7™, p™*) of (7", p™) with lim,,, oo (7™, p™*) = (7%, p*). Because min;c s p;”“ <1l-—efor

all ng, we have min;e; p; < 1. As indirect utilities are continuous in the price vector p if at least one
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school’s price is less than 1, the indirect utilities converge: wu;(p™*) — w;(p*). In addition, for each
student ¢ the expected utilities converge m;"* - v; — 7w} - v;. It follows that 7} maximizes student 4’s
utility at prices p*, and we conclude that (7*,p*) is an equilibrium. (Feasibility of the assignment 7*
is easy to check).

Recall that lim,, o, W(n™,v) = WZ. Because the social welfare function is continuous in expected
utilities by the statement of the proposition, W = W (n*,v). Hence, (7*,p*) is an equilibrium
maximizing the social welfare function.

Hylland and Zeckhauser (1979) restrict attention to equilibria such that at least one price is zero
and prices for all under-demanded schools are zero, the latter under excess capacity. Hence, under
unit budgets, the set of equilibria considered by Hylland and Zeckhauser is a subset of Equilibria®(v, ¢)

for every e € (0,1).

B Details of Equilibrium Selection Example from Section 2.3

The following are the stochastic assignments 7 from the example of equilibrium selection in Section
2.3:

Ji Jo 3 J4 J1 Jo J3  Ja
. 11 5 . 3 1
11 16 0 0 16 11 1 0 0 1
: 5 11 : 1 3
12 0 16 0 6 192 0 1 0 1
i3 0 0 1 0 i3 0 0 1 0
. 82877 32531 8391 : 28436 7972 10232
prices  §535 35010 L 7so2 prices 59507 ge6r | 667
iif) iv)
Ji1 J2 J3 Ja J1 J2 J3  Ja
. 1 1 , 6 5
11 5 0 0 5 11 11 0 0 i1
: 1 1 - 1 10
19 0 2 0 2 19 11 11 0 0
) 4 1 6
13 0 0 1 0 13 11 i1 11 0
prices 0 0 1 2 prices 0 % % 15—1

C Full Mathematical Program for Mechanism

The statement of the mathematical problem for the mechanism involves |J| + 1 complementarity
constraints per student. We adopt the standard notation from the optimization literature and write
f(z) <0 L g(z) <0 to indicates that constraints f(z) < 0 and g(z) < 0 are complementary. This
is mathematically equivalent to f(z) < 0 and g(z) < 0 and f(z)g(x) = 0, and allows us to take

advantage of optimization software that specializes in problems with complementarity constraints.
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Given prices, the optimization problem for student i € I can be stated as

max 7; - v; s.t. m; - p < 1(budget constraint)

™
Z mi; = 1(unit demand constraint)
jeJd

Vj,m;; > 0(non-negative demand constraint).

We introduce Lagrange multipliers A; > 0 associated to the budget constraints, 1; € R associated
to the unit demand constraint and Vj, p;; > 0 associated to the non-negative demand constraint.
The Karush-Kuhn-Tucker conditions imply that m; solves the individual problem if and only if the

following conditions are met:

1—m-p>0L X\ >0
Vi, mi; >0 Ly >0
VJ,vij + pij = Nipj + ni
Z Tij = 1.
jeJ
Slater’s condition shows that the KKT conditions are necessary and sufficient for m; to be a solution
of the student’s original linear program.
The problem of finding an equilibrium can be stated as a constraint maximization problem

log(v; - 7 — v; - §) it
Mrgr}%’“z og(vi - m —v;-§) s

v, ij < g, (capacity constraints)
iel
Vi, KKT conditinos for 7 hold(individual optimality constraints)

Vj,p; > 0.(prices are non-negative)

In practice, it is useful to impose an additional constraint Vi, 7; - v; > ¢ - v; to ensure that the Nash
product objective function is well-defined along the solution path.

The statement of the problem assumes that there does not exist a fully indifferent student, i.e.
Vi, 34,k € J such that v;; # vi. If such as student was present, we could remove her from the

assignment problem, compute an equilibrium and then assign the indifferent student arbitrarily.
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D Sampler for School Utilities

We propose an algorithm to draw vectors of school utilities v; uniformly from the revealed-preference
set V;, which is equation (8).

A hit-and-run sampler is one MCMC algorithm to draw points uniformly from a convex polytope
(e.g., Bélisle, Boneh and Caron, 1998). Given a valid vector of school utilities v¥ for iteration k of
the algorithm, a direction A**! € R” is chosen uniformly. The algorithm then finds the sharp bounds
aFt1 and aFt! such that

(0F + X1a) € 77, Vo € [ab+, ah 1]

Then the algorithm picks o uniformly in [@*™!, a**!]. The next vector of school utilities is

Uéf—&-l — )\k+10ék+1.

The algorithm can be run for any number of iterations. It can be graphically checked that the resulting

set of sampled vectors of school utilities appears uniform over V;.
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